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Abstract 
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I. INTRODUCTION 

AdS/CFT duality [jj is a powerful method to study field theories by studying their dual 
string theories. Usually, full string theories in the curved background, such as AdS§ x S 5 , are 
not solvable. We have to study their low energy effective theories, i.e. supergravity theories. 
According to IR/UV duality, the low energy region in the string theories is dual to the high 
energy region in the corresponding field theories side. However, the low energy region of the 
field theory is more attractive for practical reason. To study the low energy region of these 
field theories, we need to solve the full string theory. It was shown that by taking Penrose 
limit, AdSc, x S 5 geometry reduces to a pp-wave geometry Q], which is solvable for the full 
string theory. 

The success of pp-wave method for AdS$ x S 5 background led many authors to use it 
to study some more complicated geometry backgrounds e.g. jjj. For example, the near 
horizon geometry of NS5-branes is the linear dilaton background. String theory in this 
background was conjectured to be dual to a non-local field theory |4j, so called Little String 
Theory (LST). It was shown that the pp-wave limit of this background is the Nappi-Witten 
background. String theory in Nappi-Witten background is again exactly solvable and has 
been widely studied, see for example 0,0]. A more complicated example is the pp-wave limit 
of the near horizon geometry of non-extremal NS5-branes, which leads to a time dependent 
background. Luckily, strings in this time dependent background is also exactly solvable 
and has been studied in J^IQ]. Another non-local gauge theory example is non- commutative 
Yang-Mills theories (NCYM), which are conjectured to be dual to the near horizon geometry 
of N coincide Dp-branes in the presence of the background constant B fields. Geometries 
with different number p have been studied in P, Q and more extensively in jjj, in which 
the authors claimed that only for D6-brane, the pp-wave limit of the geometry leads to a 
time independent background and is solvable. In this work, we will show that for general 
Dp-branes, pp-wave limit of the geometry leads to time dependent backgrounds which are 
solvable in certain limit. Studying string theories in these backgrounds will enable us to 
understand more about the dual theory - noncommutative Yang-Mills theory, such as IR/UV 
mixing, non-local behavior etc.. In addition, through the holography relationship, we can 
use the time dependent pp-wave background to study the features of RG flow in NCYM. 

In the next section, we study the supergravity solution with constant NS B fields. In 
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section 3, semiclassical method is used to study the first order fluctuation around some 
classical string configurations. The Hamiltonian will be obtained for the fluctuation. We 
then quantize the model to get the string spectrum in section 4. Section 5 contains discussion 
on the results. 



II. SUPERGRAVITY SOLUTION WITH CONSTANT B FIELDS 



In this section we consider a system of Dp-hr&nes with a constant NS B along their 
world- volume directions.. For simplicity, we consider the B field only along the directions 
of x\ and x\ in the D-brane, the supergravity solution can be obtained by performing a 



T-duality along x 3 and then T-dualize back. The solution in string metric is 
ds 2 B = r Xj2 l-dxl + dxl + h (dx% 2 + dx 2 m )} + f 1 ' 2 (dr 2 + r 2 dn 2 5 ) 
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where 



a' 2 R A 



f = l + 



h~ l = sin 2 Of' 1 + cos 2 9, 



B- 



sin 9 



23 



2cj> 



g% 



cos 9' 

Foi r = - sin 9d r f~ 1 , F 0123r = - cos 9hd r f~ 1 . 
9 9 



(2) 



To study the dual noncommutative Yang-Mills theory on the boundary, we need to take the 
background B field to infinity £> 2 3 — » oo. Following the procedure in (l0j,[ll(, we first rescale 
the parameters as follows 



2^0,1 — > £C0,1) %B2,3 — * [ -T J X B2,3, -^23 



a 



— I B 2 3 



tan 9 = — , 
a' 



a'R 2 u, 



a' 
~b 



(3) 



then we take the decoupling limit a' — with b fixed. The metric now can be written on 

as 



ds 2 B = a'R 2 



u 



(— dxl + dxf) + —— -^—^ (dx 2 B2 + dx 2 B3 j 



du 2 



(4) 



where 



A 



bR 2 , B 23 
,b 



i 4 4 

a a i u 



9' 



01 



a'-u 4 R A 
9 



b l + a 4 u 4 ' l + a 4 w 4 ' 

a' 2 d u (u A R 4 ) 



0123u 



g{l + a 4 u 4 ' 



(5) 
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We will consider sigma model in the above background 

S = J (^ habG mnd a X m d b X n + e°*> B^X^X^ , (6) 

where the metric G mn and the constant B^ are given by equation (jlj) and (0) respectively. 
Let's make some transformations to bring the metric to a more convenient form. First of 
all, we set R = 1 for simplify and define the variables 



x 



B 



Vl + a A u 4 x\i = 2,3. (7) 



In these notations the metric can be written as 



where 



, 2 , 2 4a 8 x i2 u 8 , 2 4a 4 u 5 x i , , , /nN 
dSf, — as H ^du H i—rdx du (8) 



ds 2 = u 2 {-dxl + dx\ + rfxa + dxf) + ( ^ r + dtt 2 5 (9) 



is the standard AdS^ x S 15 metric. We call the above metric (jHJ) modified AdS§ x S" 5 metric 
because the only deviation of EH from the standard AdS§ x S 5 metric is given by some B field 
dependent terms. Later we will consider the case of a — > 0, where the modification from the 
standard AdS$ x S 5 metric is small provided u is not too large. 

Next, to write the above metric in "global" coordinates, we use the transformations 

u = cosh p cos t — sinh pf2 4 , 
o cosh p sin t 



x 



cosh p cos t — sinh pQ^ 



x » = sinh ^ , (10) 

cosh p cos t — sinh pVL^ ' 

where the four-vector Q satisfies the normalization condition Q 2 = 1 and the explicit form 
of its components is 

Q\ = cos j3i cos $2 cos 03, 
Q 2 = cos Pi cos j3 2 sin j3 3 , 
Q 3 = cos Pi sin /3 2 , 

Oi = shift. (11) 
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The metric now takes the form as 



ds 2 B = — cosh 2 pdt 2 + dp 2 + sinh 2 pdVt\ 

+ dip 2 + cos 2 ipi [dip\ + cos 2 ip2dQ' 2 ) 
4a 8 x i2 u 8 , 9 4a 4 wV , , 




(12) 



where 



dtt 2 3 
dQ' 2 



dp 2 + cos 2 /3i (dpi + cos 2 /3 2 d/3|) , 
dip 2 + cos 2 ^3 [dip\ + cos 2 ip^dipl) . 



(13) 



In the final form of the metric (|12jl . to keep the metric neat, we did not write daf and du 
in terms of the new coordinates explicitly in the last two terms. Reader should be careful 
that there are only 10 independent coordinates in the metric ()12j) since u and x % (i = 2, 3) 
are not independent coordinates. 

III. SEMICLASSICAL ANALYSIS 

In this section we will study two classical solutions of the sigma model © in the modified 
AdS§ x S 5 background (|T2"|) which we discussed in the previous section. One classical solution 
corresponds to point-like closed strings rotating around the big circle of S 5 , and the other 
corresponds to stretched closed strings rotating around the big circle of S 5 . We then consider 
the first order fluctuations around these classical solutions to get the transverse Hamiltonian. 

A. Point-like closed string rotating in S 5 

It is easy to verify that 



is a solution of the sigma model (jH)) corresponding to the metric (|12|) . This solution describes 
a point like (p = 0) closed string boosting around the big circle of S* 5 . 

To find 1-loop approximation, we will consider the fluctuations around the above classical 
solution and expand them to the first order. It is useful to replace (p, Pi) by four Cartesian 



t = vT, p = 0, $ = 0(7 = 1,2, 



3) 



v (= Vfc) 



UT, 1p s — (s = 1 



2,3,4), 



(14) 
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coordinates rjk (k = 1, 2, 3, 4) as in |l2j, 

r/ fc = 2rO fe , 



2r 



sinh p. 



(15) 



Written in these Cartesian coordinates, the metric reads 



ds 



B 



1 + r/ 2 /4 



dt 2 + 



+ (1 + a A u A 'y 
and the transformations (|10|) become 

1 + ?7 2 /4 



l-r] 2 /AJ ■ (l-r/74) 

+ aV> 2 + cos 2 ipi (dipl + cos 2 i/j 2 dnf) 

4a 8 x i2 u s , o 4a 4 u 5 x i , , , 
r«M + ; — -dx du. 



u 



cost 



1 + a 4 u 4 



(16) 



x 



X" 



l-r/ 2 /4 l-r/ 2 /4' 

1 + r/ 2 /4sint 
(1 + ?7 2 /4) cost — 774' 



(l + r/ 2 /4)cost-r/ 4 ' ^ 
Now, we are ready to consider the fluctuations around the above classical solution with 
large sigma model coupling constant A, 



t = vt + 



1 - 



A 1 / 4 



(18) 



Up to quadratic fluctuations, the Virasoro constraints of the sigma model can be written as 
T — C f) Y m f) Y n 

1 



-2\ x ' A vd T (t -$)- d a td a i + d a ^(p - v 2 [f] 2 + + d a f, k d a fi k + dj.pfa 



4a 4 sin 2 vt cos 2 vt «, ^ 9 4a 4 sin vt cos 3 z/t _ 



2 ~2 



1 + a 4 cos 4 z/r) z " 1 + a 4 cos 4 z/r 
The energy and angular momentum then are given as 

" 2w da 



vrjid T fji 



0. 



(19) 



E = R 



+ 



2tt L 



4a 4 sin 2 vt cos 2 vt 



^/\v + X 1/4 d T t + vf 



'1 + a 4 cos 4 z/r 



_ 2 2a sin z/r cos z/r _ 
2 + -TTEZITrWIi 



1 + a 4 cos 4 vt 

4a' a 8 sin vt cos 5 z/r n _o„ 

+ - r-^ 3 (r/'^r/ 3 - r/ 3 9 ff r/ 2 ) 



6 1 + a 4 cos 4 z/r 



(20) 



2- 



Z7T 



v^z/ + A 1/4 <9 T ^> - vi)\ 



(21) 
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and the difference between the energy and angular momentum can be obtained as 

2^ 



E — J 



A 1/4 <9 r (t-(p) + v(fj 2 + $ 
4a 4 sin 2 vr cos 2 vt 9 2a 4 sin vr cos 3 vr 



,1 + a 4 cos 4 z/r)' " 1 + a 4 cos 4 z/r 
4a' a 8 sin z/r cos 5 vr , _ 



(ffUf - rf d^ 2 ) 



(22) 



6 1 + a 4 cos 4 z/r 

Now we can solve for d T (t — (p) from the constraint (|19j) . and plug it into the above expres- 
sion ([22)1 . After rescaling the fields by v^A 1 / 4 , we end up with 

^ da 



E-J 



2v J 2vr 
4 



1 + a 4 cos 4 vr 



djd a t + d a $d a $ + V 2 ( f + ) + dafjkd^k + d a tfj s d a ^ s 

^ 2 Vi + 



4a 4 sin 2 vr cos 2 i/t 9 _ 9 4a' a 8 sin vr cos 5 i/t , , _ „, ~ _ _ 9 x 

[V daV -V d*V ) 



b 1 + a 4 cos 4 z/r 



2- 



27T' 



r^ 2 >. 



(23) 



Thus E — J is given by the expectation value of the transverse Hamiltonian 

W (2) = 1 



-0 a £<9°t + <9 a <^ + z/ 2 + V 2 ) + + d a ^ s d a ^ s 

4a 4 sin 2 z/r cos 2 vr 9 4a' a 8 sin z/r cos 5 z/r , 9 „ , , „ 9N 

% + -; 3 3 (V d a r) 6 - r] 4 d a ri 2 ) 

l + a 4 cos 4 z/r) 2 '* 6 l + a 4 cos 4 z/r W ' 



(24) 



It is clear that there are 8 massive bosonic coordinates with two of them (fji, i = 2,3) time 
dependent. Defining = t±<p, the transverse Hamiltonian in equation ()24[) can be written 
in "light- cone" like form 

1 



H (2) = I 

2 

4a 4 sin 2 vr cos 2 vr 
'1 + a 4 cos 4 vr) 2 " ^ + 1TT + 



+ 



9 _.-, 4a' a 8 sin z/r cos 5 z/r / 9 „ , _~ _ 9X 



a 4 cos 4 z/r 



(25) 



A similar Hamiltonian can be also obtained by taking the Penrose limit as in 



.5]. 



B. Closed string rotating in S 5 

In this section we will consider another classical solution of a closed string whose center 
of mass is not moving on S 5 , but spins around that point and is correspondingly stretched. 
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Again, it is easy to verify that the ansatz 

t = p T , p = 0, A = (l = 1, 2, 3) 
0(=Vi) = 0(<7), <p{=^) = ur, V. = 0(s = 2,3,4), (26) 

is a solution for the sigma model © associated with the modified AdS 5 x S* 5 background 

The constraint for 9 can be found from the Virasoro constraints T a t = 0, which is 

(9'f = v 2 -v 2 cos 2 9 = v 2 sin 2 9 (27) 

Now we would like to repeat the analysis of the previous section in the case of the more 
general solution (j2SJ). To determine the quantum string spectrum to the leading order in 
the large sigma model coupling constant A, we consider the quantum fluctuation around the 
classical solution (|2T)|) 

1 ~ 1 1 ~ 

Vk = Tj/lVk, i>s = ^T/i^( s = 2 > 3 > 4 )- ( 28 ) 
Up to quadratic fluctuations, the constraints of the sigma model can be written as 

T — C f) Y m f) Y n 

= [-2A 1/4 z/ (d T t - cos 2 9d T fi) - d a td a t + cos 2 9d a (pd a (p 
v A 

+ 2A 1/4 z/ sin 9dJ - 2A X/ V sin 9 cos 9 ■ 9 - Av sin 9 cos ■ #<9 T <^ 
- z/ 2 (cos 2 - sin 2 9) 9 2 - v 2 (n 2 + cos 2 9 ■ tpfj 

+ d a fj k d a fj k + d a 9d a 9 + cos 2 9dJ s d a $ s 

4a 4 sin 2 vt cos 2 z/t 2 _ 2 4a 4 sin z/r cos 3 vt _, 
~ (1 + aWz.r) 2 ^ ^ " 1 + aWi/r 

= 0, (29) 
where we have used the constraint ()27|) to eliminate 9'. 
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The energy and angular momentum are correspondingly 



E = R 



27r da 
2rT 



y/\u + X 1/4 d T t + vn 2 



+ 
+ 



4a 4 sin 2 vr cos 2 vt 



2 U Vi + 



VI] 

2a 4 sin vr cos 3 z/r 



1 + a 4 cos 4 z/r) z " 1 + a 4 cos 4 z/r 
4a' a 8 sin z/r cos 5 vt , _, 



^4 



6 1 + a 4 cos 4 z/r 



(30) 



7- P -">{*- 
^ ' 2tt 



Vai/ cos 2 cos 0d T <^ - 2A 1/4 z/ sin cos # • 9 



-2 sin cos 9 ■ 9d T <p - v (cos 2 9 - sin 2 9) 9 2 - v cos 2 0$ 



(31) 



therefore the difference between energy and angular momentum can be easily calculated 



E-J= / — 



f * ^ \y/xu sin 2 9 + A 1/4 (6U - cos 2 0d T 0) 
Jo 2vr L 

v sin 6 1 cos 9-9 + 2 sin 6 1 cos 99d T (p 
+ i/ (cos 2 - sin 2 9) 9 2 + v (fj 2 + cos 2 fl^ 2 



+ 
+ 



4a 4 sin 2 vt cos 2 vt _ 9 2a 4 sin vt cos 3 z/r _ 



; ^2 ^ + 



(1 + a 4 cos 4 vt 
4a' a 8 sin vt cos 5 vt 



1 + a 4 cos 4 vt 



VidrVi 



(32) 



b 1 + a 4 cos 4 vt 

As before, we can solve for (d T t — cos 2 9d T (p) from the constrain (|29j) . and plug it into the 
above expression f!32l) . After rescaling the fields by v^2A 4 / 4 , we obtain 

" 27r rfa 



E-J=—i — 



2v J 2tt 



-djd a t + cos 2 Odaipd'ip + z/ 2 (cos 2 - sin 2 0) # 2 + <9 a #<9 a fl 



+ cos^ 9 v 2 ^ + d a ip s ^ s + v 2 f, 2 + d a fj k d a f] k 



+ 



4a 4 sin 2 vt cos 2 vt 



[1 + a* cos 4 vt) 2 " Vl b 1 + a 4 cos 4 z/r 
+2v 2 sin #<9 ff # + 2v 2 sin 6* cos 9 ■ 9 + 2v 2 sin 2 6* 



4a' a 8 sin z/r cos 5 z/r 



{f} 2 d a f - fd a fj 2 ) 



1 



2?r 



da. 



v Jq 2tt 



^(2)_ 



(33) 
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Thus, E — J is given by the expectation value of the transverse Hamiltonian 

U (2) = -d a id a i+ cos 2 9d a ^d a (p + v 2 (cos 2 9 - sin 2 9) 9 2 + d a 9d a 9 
+ cos 2 9 {v 2 i?- s + dj.pty + v 2 v 2 + d a fj k d a fj k 

4a 4 sin 2 z/r cos 2 z/r 9 _ 9 4a' a 8 sin z/r cos 5 z/r , _ 9 _ _q„ _ 9 x 

H n-z/ m + — ; [ri daV - V daV ) 

(1 + a 4 cos 4 z/r) 2 h b l + a 4 cos 4 z/r ' M 

+ 2z/ 2 sin fl^tf + 2z/ 2 sin # cos# ■ # + 2z/ 2 sin 2 9. (34) 
The following transformation 

t = t, (p — cos 9(p, ip s = cos9ip s (s = 2, 3, 4) , 9 — 9, fj k — fj k (k — 0, 1, 2, 3) , (35) 
will bring the kinetic terms to canonical form. The resulting Hamiltonian is 

n m = -djd a t + d a (pd a (p + djd a 9 + da^d^k + d a ^ s d a ij s 

i 2 -2 i 2/)2 , 2 72 i 2 -2 , 2-2 

+ m ip <p +m e 9 +m i ,ilj s +m x 7 lx + m i r] i 
4a' a 8 sin z/r cos 5 z/r , 9 „ n _ 9 x 

+ -r-r— i — i — ~ v 

b 1 + a 4 cos 4 z/r v ' 
2z/ sin 2 $ 

+ — Upd a (p + + 2z/ 2 sinfl (l + cosfl • + d(j(F\ , (36) 

COS# v / v / 

where 

2 2/2 sin 4 

^ = Tfl-, 37 

v con 1 9 

m 2 e = v 2 (cos 2 9 - sin 2 9) , (38) 

™* = ^ + l?§) • < 39 » 

m\ = z/ 2 , A = 0, 1, (40) 

9 9 / 4a 4 sin 2 z/r cos 2 z/r \ . , , 

m 2 = u 2 il + i 72~ ) > « = 2,3. (41) 

V (1 + a 4 cos 4 z/r) / 

It is clear that when (a) = 0, which correspond the point-like closed string case in the 
previous section, the Hamiltonian (|3Tj) reduces to the Hamiltonian (J23)l as expected. 



IV. QUANTIZATION 



In this section, we will quantize the classical systems we studied in the previous sections 
to compute the full closed string spectrum. We see that when a = 0, which corresponds to 
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the case of the vanishing background B field, the Hamiltonians (|24j) and (|36j) will reduce to 
the closed strings moving in the standard AdS$ x S 5 background. The quantization of the 
closed strings moving in the standard AdS 5 x S 5 background has been widely studied by 



many authors, for example in [12J, [13j . To quantize the classical closed string systems in the 
modified AdS 5 x S 5 background ([12)1. we need to solve the equations of motion corresponding 
to the Hamiltonians (|2*4")l and ()36j) respectively. Since the difference between our current case 
and the case of the closed strings moving in the standard AdS§ x S 5 background is the a 
dependent terms, we only need to solve for the fields whose equations of motion are affected 
by a. It is easy to see in the Hamiltonians (|24jl and (|3T)|) that all the fields have the exactly 
same equations of motion as the case without the background B field except for the fields 
fji, i = 2,3, which are the fields along the directions with the B field turned on. The 
Hamiltonians for the fields fji, i — 2, 3 coming from ()24j) and (j3*Uj) turn out to be in the same 
form, which is 



nj 1 [da 
Hf > = 2 / 27 



. . i . . , . / , 4a 4 sin vt cos 2 vt \ . 

OrViOrVi + OaVi^aVi + ( 1 + ~ ; : : 7T ) v n 

(1 + a 4 cos vt) 



Ao! eft sin vt cos^ vt , 9r% _n 9 x 



(42) 



b 1 + a 4 cos 4 vt 

It is hard to solve the equations of motion corresponding to the above Hamiltonian ()42j) be- 
cause of the complicated time- dependent coefficient. To proceed, we make an approximation 
by letting a — > but still finite. Notice that according to decoupling limit we took in (jSJ) 
and the definition (0) and (J3J), any finite value of a, no matter how small it is, corresponds 
to the infinite value of the background B field, i.e. B 2 s — > oo. This is important for us 
because only for the infinite background B field the dual field theory on the boundary is 
noncommutative field theory. Under the limit a — > 0, we expand the Hamiltonian (|4*2*|) in a 
and keep the lowest order. The Hamiltonian now is simplified to the form 

Hrj = J £ [d r rjid T rji + d^fjM + (l + a 4 sin 2 2vt) v 2 $] . (43) 

It it easy to get the equations of motion for the fields fji 

d% + d% + (1 + a 4 sin 2 2vt) vtf = 0. (44) 
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We expand 1 the field i] in the different modes as rj = Y2Vn^ incr , the equation of motion for 
each mode fj n can be obtained as 

d 2 fj n 



dz 2 

where 



+ (A n - 2qcos2z) r] n = 0, (45) 



Xn = i (™ 2 + y2 + T ° 4 ) ' g = T^' 2 = 2z/r - (46) 

Equation (|45j) is a typical Mathieu equation. It is worth noting that the similar Mathieu 
equation has been obtained when people studied the scalar field in the same NS B field 

background, but here we are considering the full closed string fields. We refer reader to 

111 \i\ for the general method to solve Mathieu equation. 

Let us define as the two independent solutions of the equation (JJ5J). Then the mode 
expansion for the field f\ can be written as 

oo 

77 = PnK («ne inff + a n e- m °) + C„ n Z+ (a+e^ + a+e™)} , (47) 

n=l 

where a„/a„'s and a+/a!+'s are annihilation and creation operators, C n /C_ n 's are constant 
coefficients. 

To quantize the field fj, we define the conjugate momentum 

00 

= d T fj = [CnZ~ (a n e m ° + a n e~ ma ) + C_„Z+ (a+e~ ina + a+e ina )] . (48) 

n=l 

and impose the quantization condition 

[rf{a,T)^{a',T)\=m^5{a-a'). (49) 

The constants C n can be determined using the quantization condition (J4*9~j) as normalization 
condition 

1 ; (50) 



C n — c_ n 



Z n %n — Z+Z n 



where (^Z~Z£ — Z^Z~^j is the Wronskian of the Mathieu equation and therefore it is a 



constant. 



1 We ignore the sub-index i(= 2, 3) from now for neat expression. 
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The substitution of the solution (}4Tj) into the Hamiltonian leads to the expression 

oo 

Hf, = ^2 C 2 n | {n 2 + 1,2 + z/V sin 2 2ur) Z~Z+ + Z~Z+ (a\a n + a* a n ) 

n=0 

+ [(n 2 + z/ 2 + z/V sin 2 2i/r) Z"Z" + Z~Z~ 
\n 2 + z/ 2 + z/V sin 2 2ur) Z+Z+ + Z n +Z+ 



+ 



oft oft 



(51) 



It is easy to verify that when a = the last two terms vanish and the above Hamiltonian 
reduces to the original one without the background B field. 

To understand the Hamiltonian better, we need the explicit expression of the functions 
Z^- But in general, the solutions of Mathieu equation can not be written as any known 
function which is easy to work with. However, in the limit of a — > 0, we can use WKB 
approximation. In this case the solutions have a very simple form 



Zn = eX P { ±«V^ ( Z - 



The constant C„ can then be determined as 2 



sin 2z 



(52) 



cl 



n 2 + v 2 + 



z/V 



2 in 2 + v 2 + 



z/V 



2y/n 2 + v 2 



(53) 



With these functions Z^ at hand, the Hamiltonian can be expressed as 

oo 

Tift = 2 C 2 (n 2 + v 2 + z/V sin 2 2vr) {oft n a n + oft n a ri ) . 



(54) 



n=0 



Finally, the difference between energy and angular momentum E — J is given by the expec- 



2 Directly putting the solutions (|52|l into H5()|l will produce a time-dependent C n since ()52|l are not exact 
solutions of the equation of motion Ij45(l . We need to use the fact that when t — * 0, the solutions should 
reduce to the ones without background _B-ficld to determine C n . 
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tation value of the above Hamiltonian , which is 



E- J = -J2 ( + 



v 2 a A sin 2 2ut 



n=0 



2Vn 2 + z/ 2 



E 

n=0 



\n 2 a 4 sin 2 2z/r 



2a 1 



iV n + iV n 



E 

n=0 



An 2 2a 4 u 2 |l-w 2 | 
1 + — + 



J 2 



V 



1 + 



An 2 



J 2 " / 



(55) 



where we used J = \f\v and u = cos z/r G [—1, 1]. 



V. HOLOGRAPHIC NONCOMMUTATIVITY 



is conjectured to be dual to the 



Thus, similar to the anal- 



String field in the modified AdS§ x S 5 background 
noncommutative Yang-Mills theory on the boundary [10, 

ysis in [2], the string spectrum should correspond one-to-one to certain operators in the 
noncommutative Yang-Mills theory. However, the closed string spectrum (|55jl . which we 
found in the previous section, is time dependent. At first glance it seems strange that the 
spectrum depends on time. In fact, this kind of time dependent spectrum has been studied 
in BQ when the authors tried to quantize the string fields in the non-extremal A^S'5-brane 
background. The crucial point is that the time r in the string spectrum (|55J) is not the 
space-time time t, but the world-sheet time. Actually, the world-sheet time r is related to 
the space-time u direction, which measures the energy scale in the holographic description 
of the boundary field theory B [3] . Therefore, the world-sheet time dependent string spec- 
trum corresponds to the operators at the different energy scales and can be interpreted as 
the RG flow in the dual field theories. 

When we consider the closed string states created by the string fluctuation around the 
classical solution, a string state a^\0) corresponds to a operator O in the dual field theory 
(at certain energy scale A) 2J. In the absence of background B field, the Hamiltonians of 
the quadratic fluctuations are time independent, so that the corresponding string state is 
the same at different world-sheet time r along the classical path, as in (a) of Fig. ^ Thus 
the string state corresponds to an operator at the same energy scale in the dual field theory. 

14 



a + |0) 



« + (t)|0) 



H 























































— > 



(a) 



Classical path 



(b) 



FIG. 1: Closed string fluctuation about the classical solution: (a) without the background B field, 
the fluctuated string state a'\0) is independent of the world-sheet time r; (b) with the background 
B field, the fluctuated string state a) (r) |0) dependents on the world-sheet time. 



In the presence of B field , however, the Hamiltonians of the quadratic fluctuations (|24jl or 
(136(1 are time dependent. The string state could absorb or lose energy to change to another 
string state over time, so that the string state a* (r) |0) is different at different time r along 
the classical path, as indicated in (b) of Fig. ^ The claim is that a string state varying 
with the world-sheet time a) (r) |0) corresponds to a scale dependent operator O (A) in the 
dual field theory running over varying energy scales A(r), i.e. the RG flow in the dual field 
theory. The correlation functions of the operators O (A) should satisfy the standard Callan- 
Symanzik equations. In our case, the dual field theory is conjectured to be noncommutative 
Yang-Mills theory 

For small u the spectrum (}55|) reduces to the string spectrum without the background B 
field , which corresponds to the IR regime of the gauge theory. This is consistent with the 
expectation that noncommutative Yang-Mills theory reduces to ordinary Yang- Mills theory 
at long distances. The other important regime of the dual gauge theory is the UV regime. 
Unfortunately, our result is not able to make any prediction about the UV regime due to 
the feature of the string spectrum (|55j) that u has a finite range and the energy oscillates 
between -u min = — 1 and M max = 1, so that the strings never get to the boundary at u — > oo 
in our configuration. This is because of the special classical solution (jHJ) and (j2Hj) we used 
in our analysis. Both of these solutions only cover the region [—1,1] in the u direction. To 
study the UV regime of the dual gauge theory, we need to find other classical path which 
reaches the boundary of AdS space at u — > oo. However, we can read some information 
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around u — > oo directly from the original metric The coefficient of the terms along the 
-B-field directions is invariant under the transformation u — > 1/ (a 2 u). Thus the physics at 
u — > oo is equivalent to the physics at u — > 0. This suggests that we can not reach the 
boundary of AdS at u — > oo and are not able to define the UV fixed point in the dual 
noncommutative Yang-Mills theory. This makes perfect sense since a local field theory is 
defined at short distances, and in terms of the AdS /C FT correspondence this means that 
the microscopic structure of the theory is encoded on the boundary of the AdS space; on 
the other hand, the noncommutative Yang-Mills theory is a non-local theory with UV/IR 
mixing, which implies that we should not be able to define the theory at short distances. 



VI. DISCUSSION 



We studied closed strings in the background D3-brane with constant NS B field, which 
is conjectured to be dual to the noncommutative Yang-Mills theory. The closed string 
spectrum E — J has been computed in the limit a —>■ 0, where a is a noncommutativity 
parameter. When a = 0, (|55|) reduces to the standard BMN formula corresponding to 
a .D3-brane without the background B field as expected. When a ^ 0, the fluctuation 
string spectrum becomes time dependent and can be interpreted as the RG flow in the dual 
noncommutative Yang-Mills theory. 

A direct check of this duality would be to compare the closed string spectrum (|55jl with the 
anomalous dimension of certain operators in the dual noncommutative Yang-Mills theory. 
In the case of M = 4 Yang-Mills theory, the dual operators are Q] 

O (x) = Tr (Z J ) , Tr ((f)Z J ) . . . (56) 

The naive guess of the dual operators in the noncommutative theory would be to replace 
the ordinary products in the operators ([5T)|) by the Moyal star products as 

O nc (x) = Tr (Z* J ) , Tr(<f *Z* J )... (57) 

where 

TrZ* J = Ti(Z*Z*---*Z), (58) 
j 

and Z = (p 5 + i<p 6 , <p r , r = 1,2,3,4 are 6 transverse scalars in the field theory on the D 
brane. 
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However, the operators in (|57|) are not gauge invariant. To construct gauge-invariant 
operators in coordinate space, we define [r| 

C> NC (k) = J d 4 xO NC (x) * W {x, C) * e ik - x , (59) 



where 

W{x, C) = P* exp (ig do^j-A^ (x + ( {a))) . (60) 

Such an operator will be gauge invariant. 

>rs i 

01181 lis! 

Onc (£) = J d 4 yO NC (y) 6® (x - y) , (61) 



Gauge invariant operators in coordinate space can also be defined by a noncommutative 
Fourier transformation as c 



where the noncommutative S-i unction 

fid) {x-y)= [ -^JL e - ik - y e ihi = [ -^JL e - ihy W (x, C) * e lk ' x . (62) 
J (2n) J (2tc) 

The next job is to calculate the correlation function of the operators (9nc in (|5T)|) or (JHIJ) 
to get their anomalous dimensions, and compare them to the string spectrum (jo3j) . We will 
postpone this to future work. 
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